The forward steady-state behaviour of a one-dimensional abrupt p + -n junction germanium diode at zero and at low to high injection levels is analysed. For this purpose the numerical integration of the current differential equations, the continuity equations, and Poisson's differential equation is performed not only inside the space-charge layer but also along the quasineutral regions of the diode satisfying the boundary and continuity conditions. The integration is made on a digital computer without applying the Boltzmann equilibrium approximation in the space-charge layer and the space-charge neutrality approximation in the quasineutral regions. Furthermore, the acoustical and optical mode scattering, the ionized impurity scattering, and the Hall-Shockley-Read and Auger recombination processes are included in the calculation. The method of solution applied differs from those already available in the literature and permits the "exact" computation of the space-charge density inside the relatively long (compared with the Debye length) quasineutral p and n regions of the diode considered. The numerical results for the hole and electron concentration distributions, the electric field distributions, the electron current density distributions, the electrostatic potential distributions and the space-charge density distributions are reported for five values of the total current density across the p-n junction. The comparison of the obtained numerical solutions with the closed analytical solutions for zero bias (as a test of the computer program) on the one side and of the computed current/voltage characteristic of the p-n junction with experimental values on the other side shows satisfactory agreement.
The theory of a one-dimensional p-n junction diode 1 under steady-state conditions leads to a boundary-value problem with an autonomous system of nonlinear ordinary differential equations, when the Boltzmann equilibrium approximation in the space- charge layer and the space-charge neutrality approximation in the quasineutral regions of the diode are not applied. Since a general closed analytical solution of this system does not exist, numerical methods have to be used to obtain solutions which are not restricted by simplifying assumptions. However, a difficulty arises here, since, with these equations, the solutions obtained by numerical integration of the trajectories diverge rapidly from the desired solutions 2 .
In order to avoid such difficulty an iteration scheme, suitable for solution by digital computers, has been presented for a one-dimensional transistor 3 by converting Poisson's equation into a system of difference equations and using the electrostatic potential and the hole and electron quasi-Fermi potentials as dependent variables. However, another difficulty arises by applying this method, since, by inserting the values of the dependent variables into Poisson's equation, the space-charge density becomes equal to a relatively small difference between nearly equal numbers in the quasineutral regions of the devices. At the space-charge layer boundaries of the p-n junction considered in this paper as an example, the net space-charge density is 10 6 and 10 17 times smaller than the doping of the quasineutral n and p regions respectively, for a current density of 10 2 mA/cm 2 (see Fig. 13 and 9 ). Therefore, for the device considered here, the relative error of the values of the dependent variables computed with the method in Ref. 3 must be smaller than 10 -6 and 10~1 7 respectively. This seems practically impossible to attain.
In order to avoid the two above difficulties a method for the numerical solution of the boundaryvalue problem of a p-n junction diode is presented here, which differs from those already available in the literature and permits the "exact" computation of the space-charge density in the quasineutral regions of the diode without applying the mentioned approximations. Some distinctive features of the present method are the following:
(a) reduction of the boundary-value problem to an initial-value problem by numerical integration of the characteristics 4 of the system of differential equations, rather than the trajectories; (b) performance of the numerical integration from each external contact of the p-n junction towards the transition of the doping profile; 2 S. P. MORGAN (c) use of the space-charge density as a dependent variable in the quasineutral regions of the p-n junction.
With the present method a computer solution has been obtained for the forward steady-state behaviour of a one-dimensional abrupt p + -n junction germanium diode of relatively long quasineutral regions at zero and at low to high injection levels, by taking into account the Hall-Shockley-Read and the Auger recombination processes.
After a preliminary account 5 of some of the present work appeared, two further treatments 6 ' 7 of the boundary-value problem have been published with results obtained by neglecting the influence of the recombination processes.
Boundary-Value Problem
To describe the forward steady-state behaviour of the one-dimensional p-n junction, the five equations to be solved are [8] [9] [10] [11] [12] :
where /p,/" = hole and electron current densities, e = electronic charge, p,n -hole and electron concentrations, j /'n = hole and electron mobilities, A closed integral of the differential equations system (l)- (5) is:
where the total current density J is independent of x. The recombination mechanisms to be considered are the Hall-Shockley-Read and the Auger processes. Thus
(8) The following boundary and continuity conditions are applied at the points representing the contacts and at the abrupt transition of the doping profile respectively:
n i at a; = 0 and x = 40«m, -n + jid -n \ = 0 J
™ '
Jp(x), Jn{x), p(x), n(x) and E(x) are continuous at a; = 20 /urn.
With this formulation of the problem, the internal distributions of n, p, Jn, Jp and E and the terminal voltage of the p + -n junction are determined for a given value of /.
Method of Solution
In order to solve the boundary-value problem of the abrupt p + -n junction germanium diode considered, the following variables are introduced for the n region: By applying Eqs. (12) - (14) to the autonomous system of differential Eqs. (1), (2), (3), (5) and (6) (21) and ( The method of solution used consists of integrating numerically the system of differential Eqs. (21), (16), (17), (18) and ( dyx dx x = 40 um = -1 + dn/dx\x = 40 Ai m dp/dx j x = 40 /(m with C* as a constant of integration and two guesses of the unknown initial values dp/dx | x = 40 and dn/dx lx = 4o^m-Subsequently, the system of differential Eqs. (15), (16), (17), (18) and (19) (with y2 as dependent variable) is then integrated numerically from y\ = 2y2 to yi=2/iab at x = 20jum, by using as initial values the final values of the preceding integration. This process is repeated in the n region for various guesses of dp/dx j x = 40 and dn/dx \x = 40 /im and in the p region with the corresponding differential equations for various guesses of dn/dx[x = Q and dp/dx i j. = 0 until the values of n, p, E and /" of the n and p side integrations become equal at x = 20 jum (see appendix). 
Numerical Results
With Table 2 .
The calculated electron current density Jn as a function of x in the Ge p + -n junction diode is illustrated in Fig. 8 with J as parameter and K as a dimensionless factor.
Figs. 9 -13 show the calculated net charge density g/e( = p -n + nj) -nA) or -g/e as a function of x in the Ge p + -n junction diode with J as parameter. The p and n side values of g/e obtained at x = 20 jum are given in Table 3 . Figs. 14 and 15 show the calculated electrostatic potential U as a function of x in the Ge p + -n junction diode with J as parameter. The values of U obtained from x = 0 to x= 19.85 fim were 0 + AU with |zJi/j<7.6xlO~4 V. From these electrostatic potential distributions, the current/voltage characteristic of the p-n junction was obtained as illustrated in Fig. 16 (full curve) , where £/k is the voltage at the terminals of the diode. 
Comparison with Experiment
Fig . 16 shows the calculated forward d.c. total current density (full curve) across the one-dimensional abrupt p + -n junction germanium diode as a function of eU^/kT.
The slope of the computed characteristic agrees for /=10 2 mA/cm 2 (low injection level) with the measured slope 19 ' 20 of the responding value of p obtained at x = 22.2 ^m (the so-called n side space-charge layer boundary) is found to be about n^ = 4.6 x 10 14 /cm 3 (compare Fig. 4 
Test of the Computer Program and Comparison with the Schottky Approximation for J = 0
The system of differential Eqs. (1) - (5) has, for / = 0, the following closed analytical solutions:
/n = 0, where C is a constant of integration. These solutions were numerically obtained for / = 0 with the same computer program used for /> 0 and with a relative numerical error smaller than 10 -5 (compare Figs. 1, 2, 3 , 4, 14 and 15 for / = 0). This limit value was also the largest relative discretisation error of each integration step 24 . When the contribution of the mobile charges to the electric field in the space-charge layer of the p-n junction is neglected, following the approximation of SCHOTTKY 25 for a metal-semiconductor junction, the electric field at the abrupt transition of the doping profile becomes then 20 eUk/kT and the part of the space-charge layer in the n material is given by
By applying Eqs. (26) and (27) to the p-n junction considered here, the following values are obtained for / = 0: -E\x=xab = 6.04 x 10 3 V/cm, xn -xah = 1.16 /<m, which are not in agreement with the results in Figs. 6 and 7, since the hole concentration is at x = xab = 20 //m from the same order of magnitude of rt\ in the p region.
Comparison with the Shockley Theory
for J = 10 2 mA/cm 2 With the assumptions of the SHOCKLEY theory of a p-n junction 1 , the following solution of the boundary-value problem is obtained in the p region:
The similar solution in the n region is:
The expression for the direct current becomes then J = e np Dn Ln cotgh Pn Dp cotgh
Xj -Xn
Lp (32) where Un is the diffusion voltage.
•
where Ln= VPn tn0 , Lp= YDV tpo , x = 0 at the p side contact, x -xt at the n side contact, xp = p side boundary of the space-charge layer, xn = n side boundary of the space-charge layer, np = asymptotic value of n in an infinitely long p region.
The values of xp and xn cannot be obtained from the theories in Ref. 1 and 25 . However, in order to compare the SHOCKLEY theory 1 with the "exact" solution obtained here for 7=10 2 mA/cm 2 , the following values of UK and are used: UK = 0.08041 V: the value of UK for which /= 10 2 mA/cm 2 , according to the computed characteristic in Fig. 16 ; xp = 19.93 //m: the value of x for which Eq. (28) gives, for x = xp , the "exact" computed value of n.
The comparison is then made for the following three values of xn:
(a) xn = 2S //m: the value of x at the minimum of the space-charge density, according to Fig. 13 . In this case, the curve 1 in Fig. 17 is obtained from Eq. (30) instead of the "exact" full curve in the same figure. Eq. (32) gives then /0 = 6.18 mA/cm 2 instead of (10 2 /21.458) mAcm" 2 = 4.66 mAcm" 2 , conforming to Fig. 16. (b) xn = 22.12 /um: the value of x at the change of sign of E, according to Fig. 7 . From Eq. (30) the curve 2 in Fig. 17 is then obtained. Eq. (32) leads, in this case, to /0 = 5.18 mA/cm 2 .
(c) xn = 21.095 /<m: the value of x for whidi Eq. (30) gives, for x = xn, the "exact" computed value of p. From Eq. (30) the curve 3 in Fig. 17 is then obtained. Eq. (32) leads, in this case, to J0 = 4.90 mA/cm 2 . According to Eq. (31), /p is nearly constant in the n region and becomes /p = 105 mA/cm 2 instead of the distribution of / -/n whidi can be obtained from Fig. 8 .
In the p region /n is, according to Eq. (29), nearly constant for the three cases considered and becomes /n = 2.82xl0~2 mA/cm 2 instead of the distribution in Fig. 8 . The distribution of n, obtained from Eq. (28), agrees for 0 ^ x xv up to 0.1% with the "exact" distribution. 
On the Dependence of Mobility on Carrier Temperature in the p -n Junction
The present solution has been obtained under the assumption of uniform electron temperature Tn, hole temperature Tp and lattice temperature T, w T ith Tn = Tv = T = 300 °K. The mobilities /tn and jup have been then considered as uniform quantities between each electrode and the abrupt transition of the doping profile, by taking into account the acoustical and optical mode scattering and the ionized impurity scattering.
For a nonuniform electric field distribution, as it is the case in a p-n junction, Tn , Tv and T become nonuniform and are to be considered as further dependent variables. The mobilities also become nonuniform and a more generalized system of differential equations 16 is then to be integrated. For forward bias, however, the carriers are heated only in the quasineutral p and n regions of the p-n junction and //n and jup, for the case considered, are constant up to the maximum of E obtained in these regions (compare Figs. 5 and 7 and Ref. 15 ). This justifies the assumption made.
On the other hand, the relaxation times rn for electrons and rp for holes are then uniform between each electrode and the abrupt transition of the doping profile, since this is the case for the doping profile and the lattice temperature. The terms with 3rn/3:r and 3rp/3x can be omitted in the expressions generalized in Ref. 8 for the electron and hole current. This leads, with the assumption mentioned above, to Eqs. (1) and (2).
As it appears from the Figures 18 and 19 , two kinds of characteristics are to be distinguished:
(a) the characteristics, such as the phys! to phys7, in which the sign of Qje does not change and which can be physically meaningful; (b) the characteristics, such as the mathj to math7, in which the sign of g/e changes and which are, therefore, only mathematically meaningful.
All the characteristics computed to solve the boundary-value problem for 7 = 0, / = 10 2 mA/cm 2 , 
Determination of the Unknown Initial Values of the Trajectories
The values of the unknown magnitudes dp/dx |z = 4o Atm and dn/dx \ x=40 ^m corresponding to the trajectories which satisfy the boundary and continuity conditions, conforming to section 1, can be determined in a relatively easy way thanks to the above special properties of the characteristics. Because of these properties and of the relation dn/dx I £ = 40 "m dp/dx I x = 40 ^m
d2/i L,= 0 the variability field of the possible pair of guesses of dp/dx I x = 40MM and dn/dx\x = ^^ia in the dp/dx^=40^ dn/dx I x = 40 -plane reduces to a narrow strip. For each guess of dp/dx \x = 40 ^m there is a very small variability interval of the guess of dn/dx j x = 40 ^M ? which is determined by an iteration process. With this iteration process a one-parameter family of characteristics, such as the 14 characteristics represented in the Figures 18 and 19 , is calculated by varying the guess of dn/dx \ x = 40 so that the (2/1 ~ 2/2)5 ^-projection of each new computed characteristic lies between the projections of the two last computed characteristics of different kind (as defined in section 1 of this appendix). The iteration pro-
